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In this paper, we discuss about the possibility to enhance the tensor-to-scalar ratio r under the
condition of Trans-Planckian censorship conjecture (TCC), thus r ∼ O(10−3) could be observable
within the sensitivity of future experiments. We make use of the scalar-tensor theory where inflaton
is nonminimally coupled to gravity. After demonstrating that the TCC condition could be modified
in scalar-tensor theory, we show that due to the effects of modified gravity at the end of inflation,
a large r ∼ O(10−3) could be allowed without violating the TCC. Moreover, the modification can
give rise to a weak coupling of gravity to the inflation field. If such an effect have been present as
early as inflation starts, it would imply that in our case, the Universe might have experienced an
asymptotically safe period at its early time.
I. INTRODUCTION
Inflationary cosmology [1–4] can not only solve vari-
ous problem in the Standard Big-Bang cosmology, but
also provide a good explanation for the origin of struc-
ture in the universe. The key point is that the quantum
fluctuations, initially generated inside the horizon, can
grow with the universe’s expansion and cross the Hub-
ble horizon in the inflationary phase, and finally enter
the horizon again for our observation. The superhorizon
perturbations thus can leave hints on the Cosmic Mi-
crowave Background (CMB), which can be constrained
by the observational data [5].
According to a general inflationary paradigm, at the
very beginning, the the fluctuations are constrained
within a very small region. If the duration of inflation
is long enough and the region is below the Planck scale,
say, lp = (Mp)
−1 ≈ 1.6 × 10−33cm, the quantum ef-
fects of those fluctuations will become robust. Since we
don’t have complete quantum theory of general relativity,
it is difficult to make any predictions about those fluc-
tuations, if they exit the horizon and make themselves
observable to us. This is what has been called “ the
Trans-Planckian Problem” proposed in [6], see [7] for a
review.
Aiming at this problem, a “Trans-Planckian Censor-
ship Conjecture” (TCC) has been proposed recently [8],
stating that the sub-Planckian fluctuations should never
cross the Hubble horizon and remain quantum, therefore
at least for the fluctuation modes that we observed to-
day, the Trans-Planckian problem will never happen [9].
The conjecture, expressed in mathematical formulation,
turns out to be
eN <
MP
Hf
, (1)
where N is e-folding number of the inflation, Hf is the
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Hubble parameter at the end of inflation, and MP is the
reduced Planck mass. This can be regarded as a gener-
alization of Penrose’s cosmic censorship [10]. As an im-
plication to inflationary cosmology, investigations show
that the TCC can set an upper bound on the inflationary
Hubble scale Hinf and the tensor-to-scalar ratio r. For
instance, ref. [9] has demonstrated that in the canon-
ical single-field inflation model with a constant Hubble
scale during inflation and the rapid reheating after in-
flation, the constraints are given by Hinf < 10
−20MP ,
and furtherly r < 10−31, via the observational value of
the scalar power spectrum Pζ ∼ 10−9 [9]. The bound is
tighter if the universe of the pre-inflationary period was
dominated by radiation [11], whereas the upper bound on
r can be relaxed to r < 10−8 when the reheating process
is considered [12]. In k-inflation models when non-trivial
sound speed is involved which can modulate the Hub-
ble horizon, the bound on r is also very tight r < 10−33
[13], while ref. [14] shows that the upper bound could be
affected by the choice of e-folding number N .
Such a stringent constraint on r, if satisfied, will make
it difficult (if not impossible) to have it detected, as the
sensitivity of the current and future experiments such as
BICEP/Keck [15], AliCPT [16], and LiteBIRD [17] and
so on can only reach 10−3 at their furthest. On the other
hand, if a large r ∼ O(10−3) were detected in the future
experiments, does it imply that the TCC, at least its
predictions on the inflationary cosmology, might not be
correct, and we will have to face to the Trans-Planckian
problem again?
There have been investigations on how to loose the con-
straints on r by the TCC, so that the models with larger
r can also be compatible with this conjecture. For in-
stance, the multistage inflation [12, 18–20] and constant
roll inflation [21] can relax the bound to a limited degree,
though the bound still does not reach the value within
the sensitivity of the experiments. Another way to suf-
ficiently improve r under the TCC is to postulate that
the quantum fluctuations originate from the non-Bunch-
Davies (NBD) vacuum, which is not the lowest-energy
state of de Sitter spacetime [22]. In this paper, we will
scrutinize this question again by considering inflationary
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2models in scalar-tensor theory, where the inflaton field is
nonminimally coupled to the Einstein gravity. Naively
speaking, the nonminimal coupling will affect the spec-
trum by having the coupling function in its dominator,
but will that also modify the TCC condition (1)? We will
investigate whether the involvement of the nonminimal
coupling will play a role in loosing the constraint on r by
the TCC.
The rest of the paper is organized as follows: in Sec.
II we briefly review the constraint on r by the TCC in
the simplest case, which was initially obtained in [9]. In
Sec. III we investigate such a constraint based on scalar-
tensor theory, and in Sec. IV we come to our discussions
and conclusions.
II. TCC, AND ITS CONSTRAINT ON H AND r
In this section, we will present how Eq. (1) can give rise
to the constraints on physical parameters such as H and r
in inflation models. In [9], two assumptions are taken: 1)
that the Hubble parameter remains nearly constant dur-
ing inflation, namely Hi ' Hf , where Hi means the Hub-
ble parameter at the beginning of the inflation; 2) that
the reheating process will be instant and have no contri-
bution on the number of e-folding. For current stage we
will hold the assumption as well. For a fluctuation mode
with the wavelength a/k that exit the horizon at the ini-
tial time (denoted by the subscript “i”) and reenter into
the horizon today (denoted by the subscript “0”), where
k is its wave-number, we have k = aiHi = a0H0, and
therefore
Hi
H0
=
a0
ai
=
af
ai
arh
af
a0
arh
, (2)
where the subscript “rh” denotes quantities at the end of
reheating process. Note that af/ai = e
N , and since we
assume that the reheating process is negligible, we have
arh/af ' 1. For a0/arh, since we roughly have a ∼ T−1
where T is the temperature of radiation, we have
a0
arh
' Trh
T0
' ρ
1/4
rh
T0
' ρ
1/4
f
T0
, (3)
where we consider ρrh = g∗T 4rh, with the number g∗ ne-
glected, and ρrh ' ρf , since reheating is fast and inflation
has transferred totally to radiation. Also taking note that
ρf = 3H
2
fM
2
P , Eq. (2) is written as
Hi
H0
=
1
T0
eN (3H2fM
2
P )
1/4 . (4)
Taking into account the TCC inequality (1) and consid-
ering Hi ' Hf (denoted as H thereafter), one has
H
MP
< 31/6
(
H0
T0
)2/3
≈ 10−20 , (5)
where we take the values of the current Hubble pa-
rameter and CMB temperature, H0 ≈ 10−42GeV and
T0 ≈ 10−13GeV, respectively. Moreover, by considering
the slow-roll approximation H ' √V/3/MP where V is
the potential of inflaton, we can further constraint V to
be V < 10−38M4P .
On the other hand, inflation generates primordial per-
turbations which can predict scale-invariant scalar power
spectrum Pζ , as well as tensor spectrum, featured by its
ratio to the scalar one, namely the scalar ratio r. For k-
essence inflation models without any higher derivatives
or nonminimal coupling, Pζ and r can be expressed in a
general form:
Pζ =
H2
8pi2M2P cs
, r = 16cs . (6)
The current observation requires Pζ ∼ 10−9, and com-
bining with the constraint on H given above, one can
have the constraint on r, which is
r <
2
pi2
× 10−31 . (7)
This gives a very stringent constraint on inflation mod-
els. However, it was stated in [12] that the constraint
could be loosen when one of the two conditions is aban-
doned. In [12], the authors considered that the reheating
process is no longer instantaneous, therefore the relation
arh ' af and ρrh ' ρf are no longer applicable. More-
over, assuming ρ ∼ a−3(1+w) during the reheating time,
we have
eNrh =
arh
af
=
(
ρf
ρrh
) 1
3(1+w)
=
(√
3MPHf
T 2rh
) 2
3(1+w)
.
(8)
Inserting this into Eq. (2) we have:
H
MP
<
MPH0
TrhT0
(
MPH
Trh
)α−1
, α ≡ 2
3(1 + w)
. (9)
For w = −1/3 (α = 1) and Trh ' 1MeV, as the authors
in [12] has chosen, H < 10−8MP can be obtained. More-
over, from the definition of r in Eq. (6), one can get the
constraint on r:
r < 10−8
(
1MeV
Trh
)2
. (10)
One can see that, with the addition of reheating process,
the constraint on both H and r has been loosen very
much, but still far from the bounds that could be reached
by the current experiments. On the other hand, although
the condition of instant reheating has been abandoned,
one still requires Trh & 1MeV, as has been required by
the big bang nucleosynthesis (BBN) constraints.
3III. TCC IN SCALAR-TENSOR THEORY
A. Inflation models in scalar-tensor theory
In this subsection, we consider the inflation models in
scalar-tensor theory. The action of scalar-tensor theory
is given by
S =
∫
d4x
√−g
[
M2P
2
f(φ)R+ P (φ,X)
]
, (11)
where R is the Ricci scalar, X = −∇µφ∇µφ/2 is the ki-
netic term, f(φ) is an arbitrary function of φ that couples
to the Einstein gravity. The coupling can also be viewed
as the varying of the Planck mass or gravitational cou-
pling constant, via G(t) = GN/f(φ) with GN being the
Newtonian gravitational constant [23]. When G ∼ φ−1,
it is reduced to the famous Brans-Dicke theory [24], which
is the first example of the scalar-tensor theory.
We consider the FRW metric
ds2 = −dt2 + a(t)2δijdxidxj , (12)
with a(t) the scale factor and the Hubble parameter H =
a˙/a, the Friedmann equations are
3fM2PH
2 = 2XPX − P − 3M2P f˙H , (13)
−2fM2P H˙ = 2XPX +M2P f¨ −M2P f˙H , (14)
and the equation of motion of scalar field is
(2XPXX + PX)φ¨+ 3PXHφ˙+ 2PXφX (15)
− Pφ − 3M2P (H˙ + 2H2)fφ = 0 . (16)
Here we have used derivative form fx ≡ ∂f/∂x.
In order to discuss about the perturbations, we first
perturb the metric (12) in the ADM form [25, 26]:
ds2 = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) (17)
with the three dimensional metric
γij = a
2e2ζ(δij + hij +
1
2
hikhkj) (18)
and
N = 1 + α ,Ni = N
jγij = ∂iβ . (19)
Here α, β, ζ are scalar perturbations and hij is a ten-
sor perturbation satisfying hii = ∂jhij = 0. We choose
the uniform field gauge δφ = 0, thus the second or-
der action for the scalar perturbations contains variables
s = a, α, β, ζ and their higher order derivatives, namely,
S
(2)
S =
∫
d4xL(s, ∂s, ∂2s, ∂3s) . (20)
Varying the second order action (20) with respect to
α and β, two corresponding equations of motion can be
obtained. Finally the solutions to α and β are
α =
ζ˙
H + f˙2f
, β = − ζ
H + f˙2f
+ χ , ∂2χ =
a2ζ˙s
c2s
, (21)
with the parameter
s =
fXPX + 3M
2
P f˙
2/4(
fH + f˙/2
)2
M2P
, (22)
and the sound speed of scalar modes
c2s =
fXPX + 3M
2
P f˙
2/4
2fX2PXX + fXPX + 3M2P f˙
2/4
. (23)
Eliminating α and β in the action (20) with the help of
Eq.(21), we obtain the quadratic action only depending
on the curvature perturbation ζ
S
(2)
S =
∫
d4xa3
[
GS ζ˙2 − FS
a2
(∂ζ)2
]
, (24)
where
GS = M2P fs/c2s ,FS = M2P fs . (25)
Define variable u = zζ with z = a
√
2GS , the Mukhanov-
Sasaki equation in the Fourier space can be obtained from
(24) as:
u′′k + c
2
sk
2uk − z
′′
z
uk = 0 . (26)
where a prime denotes differentiation with respect to con-
formal time η =
∫
dt/a and k is a comoving wave number.
Eq.(26) can be solved to get the curvature perturbation
ζ, and its power spectrum at the Hubble horizon crossing
is therefore given by
PS(k) ≡ k
3
2pi2
|ζk|2 = H
2
8pi2GSc3s
=
H2
8pi2M2P fscs
. (27)
Similarly, the quadratic action for the tensor pertur-
bations is given by
S
(2)
T =
1
8
∫
d4xa3
[
GT h˙2ij −
FT
a2
(∂hij)
2
]
, (28)
where
GT = M2P f ,FT = M2P f . (29)
The power spectrum of the primordial tensor perturba-
tion hij is
PT (k) = 2 k
3
2pi2
|hk|2 = 2H
2
pi2GT c3T
=
2H2
pi2M2pfcT
, (30)
where in our case, the speed of primordial gravitational
wave is c2T = 1. Utilizing Eqs.(27) and (30), the tensor-
to-scalar ratio r turns out to be
r =
PT (k)
PS(k) = 16scs . (31)
4In fact, the action (11) can also be rewritten in a GR-
like form:
S =
∫
d4x
√−g
[M2P
2
R+ P (φ,X)
]
, (32)
with the definition: MP ≡ MP
√
f . Here MP is the
effective Planck mass which also gets the nonminimal
coupling term f involved. Under this definition, the ex-
pression of scalar and tensor power spectra can also be
rewritten as:
PS(k) = H
2
8pi2M2P scs
, PT (k) = 2H
2
pi2M2P cT
, (33)
while the tensor-to-scalar ratio r remains unchanged.
B. Modified TCC and its constraint on r
In the scalar-tensor theory, we first argue that, the
condition of the TCC in Eq. (1) will be modified as:
eN <
MPi
Hf
=
MP
√
fi
Hf
, (34)
where fi denotes the value of f at the initial time. Note
that, since the effective Planck mass is now a varying
function rather than a constant, its value at different time
would no longer be the same, therefore it is necessary to
clarify that at which time the value is taken. Here we
conclude that the value of MP appearing here should
be taken at the initial time of inflation. To see this,
note that the model in (11) can be cast into a minimal
coupling model in its so-called Einstein frame, under such
a conformal transformation:
aˆ =
√
fa , Hˆ =
H√
f
(1 +
f˙
2Hf
) , (35)
whereˆdenotes quantities in Einstein frame, and when f
does not vary much, f˙/(2Hf) can be ignored so as we
approximately have Hˆ ' H/√f . In Einstein frame, the
usual TCC (1) is obtained by the fact that the fluctu-
ation mode kTP with the wavelength at the initial time
(aˆi/kTP = lˆPi) does not exceed the horizon at the final
time: aˆf/kTP = (aˆf/aˆi)lˆPi < 1/Hˆf . Here lˆP ≡ 1/MP
is the Planck length, and lˆPi = lˆPf = lˆP since in Ein-
stein frame, Planck length and Planck mass are both con-
stant. Transforming this formulation into Jordan frame,
one gets
af
kTP
=
af
ai
lPi =
aˆf
aˆi
lˆPi√
ff
<
1
Hˆf
√
ff
=
1
Hf
, (36)
where ff denotes the value of f at the end of infla-
tion, and since the Planck length in Jordan frame lPi =
1/MPi, Eq. (34) is obtained. Therefore we for the first
time claimed that it is actually the initial value of Planck
mass that matters in the TCC condition.
According to the new TCC condition (34) as well as the
analysis in previous section, one can get the constraint
on H to be:
H
MP
√
fi
<
H0T0
HfTrh
eNrh , (37)
where Nrh = ln(arh/af ).
It is useful to change Nrh to a more practical quanti-
ties such as ρ, H and T , however, some subtleties are in
order. In minimal coupling case where f = 1, a and ρ
are related by the energy conservation equation, which
leads to ρ ∼ a−3(1+w). Moreover, we have ρf = 3H2M2P ,
ρrh = O(1)× T 4rh. In our case, however, due to the pres-
ence of function f in the Friedmann equations (13) and
(14), the energy conservation equation will in general be
modified, but if we assume that during reheating time f
does not vary much, ρ ∼ a−3(1+w) can still hold. Fur-
thermore, at the end of inflation we have ρf = 3H
2M2P ff
instead. ρrh = O(1)× T 4rh still holds, but here Trh is re-
lated to its Einstein frame counterpart by the relation
Trh =
√
frhTˆrh '
√
ff Tˆrh. Therefore Eq. (37) becomes:
H
MP
√
fi
<
H0MP
√
ff
T0Trh
, (38)
for w = −1/3.
For ff = 1, the above constraints will reduce to the
same results shown in [12]. Although there is a difference
of fi, considering the compensating fi in power spectrum
(27), there will be no effects in improving the constraints
on r. However, in the presence of nontrivial ff , things
will be different as one more degree of freedom gets in-
volved. In our case, the constraint on r turns out to be:
r < 10−8ff
(
1MeV
Trh
)2
, (39)
This is our main result. This demonstrates that, by ad-
mitting a non-trivial modification of gravity, especially
at the end of inflation, it is possible to furtherly reduce
r. For instance, the r & 10−3 could be allowed as long
as we set
ff & 105 . (40)
To understand this scenario more clearly, we plot the
evolution of fluctuation modes as well as the Hubble hori-
zon in Fig. 1. We can see that, comparing to the case
of GR, both lines of H−1 and lP has been lowered in
scalar-tensor theory, due to the correction of function f .
Therefore the Hubble parameter satisfying TCC will get
enlarged. This situation will last till the reheating pro-
cess is completed. However, after the reheating, in order
to have the Universe return to GR case, there need to be
a period where the function f → 1. It is also interesting
to discuss about the mechanism that reduces f , although
it is beyond the scope of the current discussion and we
will postpone it to a future work.
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FIG. 1: The evolution of Hubble horizon, the fluctuation
mode observed today and the fluctuation mode corresponding
to Planck length are plotted in blue, black and yellow lines,
respectively. The left and right panel corresponds to the GR
case (minimal coupling to gravity) and Scalar-Tensor theory
(nonminimal coupling to gravity). From the plot we can see
that, in the early time where nonminimal coupling function f
is large, the three lines in the right one are all lowered com-
pared to the left one. After reheating, it is assumed that there
is a period where f reduces to 1, recovering to the GR case.
Our mechanism can also be interpreted in its Einstein
frame, where the universe behaves like GR. In this frame,
the effect of our mechanism is equivalent to an even lower
“effective” reheating temperature Tˆrh = Trh/
√
f . As
has been shown in (10), a lower reheating temperature
is useful for improving the constraints on r. However,
since the real reheating temperature is that in the Jordan
frame, which is set to be larger than 1MeV, there is no
need to worry about the conflict with BBN results.
As a side remark, note that the effective gravitational
coupling constant in the scalar-tensor theory is defined as
8piG ∼ 1/M2P = 1/(M2P f). Therefore G is now running
as f varies with time. Moreover, for ff  1 , we will get
Gf  1, which means that the gravitational coupling will
be very weak, at least at the end of inflation. If the weak
coupling continues up to the beginning of the inflation,
namely fi ' ff , this means, the universe might have
experienced an asymptotically safe behavior in the early
time. In this case, G is running with respect to energy
scale due to Renormalization Group Equations [27–30],
while in late time when f → 1 the usual result of GR
is recovered. It give the hint that, a gravity theory with
asymptotically safe behavior at the early time might help
to reconcile the TCC conjecture with the detectability
of tensor to scalar ratio from the observations. On the
other hand, if it is verified to be so, it will be another
proof that the theory of asymptotic safety can work as a
good candidate of UV-complete theory.
IV. CONCLUSION AND DISCUSSION
Recently it has been pointed out that in order to have
robust quantum effects of fluctuation not affect standard
cosmological scenario, a condition of Trans-Planckian
Censorship Conjecture has to be satisfied, namely sub-
Planckian quantum fluctuations should remain quan-
tum. According to the condition, it has been found
that in usual case, the tensor-to-scalar ratio has been
severely constrained, which couldn’t reach the regions of
detectability of the current observations.
In this paper, we resort to a scalar-tensor theory for
improving the value of the tensor-scalar ratio in the TCC.
First of all, we showed that, within the framework of
scalar-tensor theory, the expression for the TCC might
have to be modified. This is because the effective Planck
mass in scalar-tensor theory is no longer MP butMP =
MP
√
f , and what plays the role is the value of MP in
its initial value. Then, we rederive the TCC condition.
We find that, the constraint on Hubble parameter by
the TCC will be modified by two parameters, fi and ff .
Although the first one could be compensated by the fi
presented in the expression of power spectrum and thus
has no real effects on constraining r, the latter does make
sense. By properly choosing the value of ff , it is possible
that the constraint on r gets relaxed.
In our opinion, such an improvement may be because
that, for a large value of f , both Hubble horizon and the
wavelength starting from Planck length will get lowered,
then the upper bound of Hi (modulated by
√
fi as well)
will get raised. If this scenario is to be true, some mech-
anism after the reheating has completed may be needed
for the f function to be reduce to unity, so that our Uni-
verse can return to GR. In Einstein frame, however, our
mechanism is equivalent to having an even lower reheat-
ing temperature.
Moreover, the largeness of f can also lead to a small-
ness of the gravitational coupling constant G, namely
a weak coupling of gravity to the inflaton field. If such
a weak coupling remains backwards in time, it implies
that we may have experienced an asymptotically safe
behavior at early time. As a prosperous candidate of
UV-complete theory, it is also reasonable to expect that
an asymptotically safe universe would provide a solution
of TCC-related problems. A concrete model of realizing
it will be discussed in the forthcoming work.
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